Abstract. The distinguishing number of G Sym(Ω) is the smallest size of a partition of Ω such that only the identity of G fixes all the parts of the partition. Extending earlier results of Cameron, Neumann, Saxl and Seress on the distinguishing number of finite primitive groups, we show that all imprimitive quasiprimitive groups have distinguishing number two, and all non-quasiprimitive semiprimitive groups have distinguishing number two, except for GL(2, 3) acting on the eight non-zero vectors of F 2 3 , which has distinguishing number three.
Introduction
Let Ω be a finite set and let Sym(Ω) be the symmetric and alternating groups on Ω. The distinguishing number of a permutation group G Sym(Ω), denoted D(G), is the least positive integer k such that there exists a partition Π of Ω into k parts such that only the identity of G stabilises each part.
It is straightforward to see that D(G) = 1 if and only if G = 1. In addition, D(G) = 2 if and only if there is a partition Π of Ω consisting of a subset π ⊆ Ω and its complement π such that 1 = G (Π) = G π ∩ G π = G π . Therefore, D(G) = 2 is equivalent to G having a regular orbit in its action on the power set of Ω. For this reason, it is of particular interest to determine whether a group has a distinguishing number of two.
Along with the base size (denoted b(G), the smallest size of a subset of Ω such that only the identity of G fixes the subset pointwise), the distinguishing number is a wellstudied invariant of permutation groups. In fact, it is not difficult to see that these two invariants satisfy the inequality D(G) b(G)+1. We recommend the article of Bailey and Cameron [2] , which surveys many of the important results on this topic and highlights further connections between the distinguishing number, base size and other interesting invariants of groups and graphs.
Primitive permutation groups are the most widely studied class of permutation groups and they are classified by the O'Nan-Scott Theorem (see [17] ). It is shown in [4, 7] that, apart from the alternating and symmetric groups in their natural actions, all but finitely many primitive permutation groups have distinguishing number two. Seress determined the list of such exceptions and, thus, established the following result [24, Theorem 2] . (Throughout, if |Ω| = n, then we will write Sym(n) = Sym(Ω) and Alt(n) = Alt(Ω).) Theorem 1. Let G Sym(n) be primitive. Then one of the following holds:
(i) G = Sym(n) and D(G) = n; (ii) G = Alt(n) and D(G) = n − 1;
Date: April 5, 2019. (iii) G ∈ P, where P is a known list of 43 permutation groups of degree at most 32; (iv) D(G) = 2.
An explicit description of the set P is given in [24, Theorem 2] and we also give details in Section 3. As a consequence of [10, Lemma 1] , the distinguishing number of each permutation group in P is known. In particular, D(G) 4 for all G ∈ P.
It is striking to us that the distinguishing number of all primitive groups (except the alternating and symmetric groups) is bounded by an absolute constant. In contrast, the base size of primitive groups is not bounded by an absolute constant (witnessed, for example, by the action of the symmetric group on subsets, see [13] ). The goal of this paper is to show that the dichotomy exhibited in Theorem 1 by primitive groups is also respected by a much wider class of permutation groups.
The most natural generalisation of the class of primitive groups is the class of quasiprimitive permutation groups. These groups have been widely studied because of their utility in investigations into the automorphism groups of highly transitive graphs (see [21] ). A permutation group is quasiprimitive if each non-trivial normal subgroup is transitive.
Recently, Duyan, Halasi and Maróti completed the proof of Pyber's conjecture [11] , and an important component of this proof is their result [11, Theorem 1.2] that if G is a transitive permutation group of degree n, then
In proving (1), they establish that D(G) 4 for all quasiprimitive groups (other than the alternating or symmetric groups). We improve this bound to obtain the following exact result.
Theorem 2. Let G be a quasiprimitive permutation group that is not primitive. Then
The class of semiprimitive groups consists of the permutation groups for which each normal subgroup is transitive or semiregular. Evidently, every quasiprimitive group is semiprimitive. The interest in semiprimitive groups comes primarily from investigations into collapsing monoids [3] and conjectures in algebraic graph theory [19] . For all semiprimitive groups G of degree n (other than Alt(n) or Sym(n)), it was recently proved that |G| < 4 n (see [18, Theorem 1.5(1)]), which together with (1) implies that D(G) < 192. In fact, we will prove the following much stronger result.
Theorem 3. Let G be a semiprimitive permutation group that is not quasiprimitive. Then
Theorem 3 encompasses a wide class of permutation groups and we highlight one specific application. The distinguishing number of G = GL(d, q) acting on the non-zero vectors of F d q is considered in [8, 16] . Since this group is semiprimitive (and not quasiprimitive unless q = 2), the results of [8, 16] can be recovered with a straightforward application of Theorems 1-3. We have D(G) = 2 unless (d, q) ∈ {(2, 2), (4, 2), (2, 3)} and D(G) = 3.
In general, there is no absolute bound on the distinguishing number of imprimitive groups; for example, the action of Sym(m) ≀ Sym(m) on the set {(i, j) | 1 i, j m} has distinguishing number m + 1 (see [9, Interest in the distinguishing number began in graph theory, so we provide one application of our results in this context, which we prove in Section 4. Note that the distinguishing number of a (simple undirected) graph Γ is the distinguishing number of the permutation group induced on the vertex set. The class of graphs covered by the above corollary is large and well studied. For example, Praeger proved that the automorphism group of every non-bipartite 2-arc-transitive graph is semiprimitive (see [20, Lemma 1.6] ).
This paper is laid out as follows. In Section 2 we provide several reduction tools, which allow us to connect the semiprimitive, quasiprimitive and primitive cases. In some cases, this leads to situations that require computational power, details of which are given in Section 3. Finally, the main results are proved in Section 4.
Reduction lemmas
In this section, we will present several preliminary results that draw connections between the distinguishing numbers of primitive, quasiprimitive and semiprimitive groups.
Let Ω be a finite set. Throughout, if G Sym(Ω), then by a maximal G-invariant partition of Ω we mean a G-invariant partition Σ such that no strictly coarser partition with at least two parts is G-invariant (that is to say, there is no G-invariant partition Σ ′ = Σ with at least two parts all of whose parts are unions of parts of Σ). The group G Σ induced on Σ is primitive if and only if Σ is maximal partition. Further, if G is quasiprimitive, then G Σ ∼ = G (as abstract groups), see the final paragraph of [22 
We first record a result on semiprimitive groups that we will make use of throughout the paper. 
Proof. For (i), (ii) and (iv) see [12, Lemma 3.1] . Part (iii) is clear.
The following result is crucial. It will allow us to relate the distinguishing number of a semiprimitive (or quasiprimitive) group with the distinguishing number of the group induced on a partition.
Proof. Let N be the kernel of the action of G on Σ (so G Σ ∼ = G/N ). Since N is normal in G and is intransitive, N must be semiregular.
Let d = D(G Σ ) and let Π = {π 1 , . . . , π d } be a partition of the parts of Σ such that (G Σ ) (Π) = 1. There is an obvious way to extend Π to a distinguishing partition of Ω when G is quasiprimitive (see [11, Lemma 2.7] ), but we must take more care when N is non-trivial.
Fix a part τ ∈ π 1 and α ∈ τ . Let Π ′ = {π ′ 1 , . . . , π ′ d } be the partition of Ω, where for each i, π ′ i consists of the points in Ω that are in a Σ-part belonging to π i , except we remove α from π ′ 1 and add it to π ′ 2 instead.
By the definition of π ′ 2 , we see that α g ∈ σ for some σ ∈ π 2 . Therefore, τ g = σ ∈ π 2 . Since |τ | 2, there exists β ∈ τ with β = α. Record that β g ∈ σ, so β g ∈ π ′ 2 . However, β ∈ π ′ 1 , since β ∈ τ and τ ∈ π 1 , so β g ∈ π ′ 1 , which is a contradiction since π ′ 1 and π ′ 2 are disjoint. Therefore, α g = α. Since g fixes α and also stabilises π ′ i setwise, it easily follows that g, in its induced action on Σ, stabilises Π, and so g is in the kernel N of the action of G on Σ. Since N is semiregular and g fixes α, we conclude that g = 1. Therefore,
Now consider part (ii). Let σ 1 , . . . , σ n be the parts of Σ, and assume that |σ i | n − 1. Let A be a set consisting of exactly i − 1 points from σ i for each 1 i n. Let g ∈ G A . Therefore, g stabilises A and permutes the parts of Σ. Since the |A ∩ σ i | = |A ∩ σ j | for i = j we may conclude that g stabilises each part of Σ; that is, g ∈ N . Moreover, the unique point contained in A ∩ σ 2 is fixed by g, so g = 1 since N is semiregular. Thus G A = 1. Said otherwise, G (A,A) = 1, so D(G) = 2. This proves part (ii).
Computational methods
We use this section to briefly discuss the computational methods that play a role in the proofs of Theorems 2 and 3. For a permutation group G of small degree, it is straightforward to determine whether D(G) = 2 by carrying out a randomised computation in Magma. For example, in this way, we establish the following result using the Database of Transitive Groups [6, 15] . In Tables 1 and 2 we list the groups in P from Theorem 1 (that is, the primitive groups with distinguishing number greater than 2 that do not contain the alternating group), together with the ID of each group in the current database of primitive groups [23] in Magma [5] . If a group X has ID [n, i], then X is the ith group of degree n in this database; that is, the command PrimitiveGroup(n,i) in Magma returns X. (We have listed the IDs because this database is different to the one used in [24] .)
Proofs of the main results
In this final section we prove Theorems 2 and 3, together with Corollary 5. Proof of Theorem 2. Let G Sym(Ω) be quasiprimitive but not primitive. Since G is not primitive, we may fix a maximal G-invariant partition Σ of Ω, and since G is quasiprimitive, G acts faithfully and primitively on Σ. Therefore, Theorem 1 ensures that one of the following holds:
For the remaining cases, we will assume that D(G Σ ) > 2. Let us fix a point ω ∈ Ω and the part σ ∈ Σ such that ω ∈ σ. Write n = |Σ|, H = G ω and M = (G Σ ) σ . Note that M is a maximal subgroup of G since Σ is a maximal G-invariant partition of Ω, and note that H < M since G is not primitive. If |M : H| n − 1, then |σ| |Σ| − 1, so D(G) = 2, by Lemma 2.2(ii). Now we assume that |M : H| < n − 1.
Assume that G Σ is Alt(Σ) or Sym(Σ). Therefore, M ∼ = Alt(n − 1) with n 4 (if
Suppose that n = 3. Then G ∼ = Sym(3), M ∼ = Sym(2) and H = 1. However, Alt(3) is a normal subgroup of G which is intransitive on Ω, which contradicts the fact that G acts quasiprimitively on Ω. Now suppose that n = 4, so G ∼ = Sym(4) or G ∼ = Alt(4), and |Ω| 8. Since V 4 is a normal subgroup of G which has order 4, it is intransitive on Ω, contradicting the fact that G acts quasiprimitively on Ω. Therefore, n 5.
Suppose first that G ∼ = Sym(n), M ∼ = Sym(n − 1) and H ∼ = Alt(n − 1). It follows that H is contained in Alt(n), so that Alt(n) is an intransitive normal subgroup of G, a contradiction.
Suppose that n 6. Then every proper subgroup of Alt(n − 1) has index at least n − 1, and the only proper subgroup of Sym(n − 1) with index strictly less than n − 1 is Alt(n − 1). Therefore, G ∼ = Sym(n), M ∼ = Sym(n − 1) and H ∼ = Alt(n − 1); however, we have shown that this is not the case. We conclude that n = 5.
If G ∼ = Sym(5) and M ∼ = Sym(4), then because of the cases ruled out above, we must have H ∼ = D 8 . Similarly, if G ∼ = Alt(5) and M ∼ = Alt(4), then H ∼ = V 4 . In both of these cases, the action of G on the cosets of H is isomorphic to the action of G on the partitions of {1, 2, 3, 4, 5} with parts of size 1, 2, 2. It is straightforward to verify that there is a subset of size 3 (for example, {1|23|45, 1|24|35, 2|13|45} in terms of partitions) whose stabiliser in G is trivial. Therefore, D(G) = 2, which proves Theorem 2 in this case.
Finally, assume that G Σ ∈ P. Suppose first that G Σ is affine. Then there is an elementary abelian normal subgroup V G Σ of order |Σ| = n. Since G and G Σ are isomorphic as abstract groups, we have V G. Note that |Ω| = |σ|n 2n, so V acts intransitively on Ω, a contradiction to G being quasiprimitive. Therefore, G Σ is not affine.
It remains to assume that G Σ is almost simple, so X = G Σ appears in Table 2 . Recall that M is a point stabiliser in the degree n action of G on Σ and that we assumed that |M : H| < n − 1. The subgroup H is contained in at least one maximal subgroup K of M , which must satisfy |M : K| < n − 1. For (G, n) ∈ {(M 11 , 12), (M 12 , 12), (M 22 , 22), (M 23 , 23), (M 24 , 24)}, every maximal subgroup K of M satisfies |M : K| n−1, a contradiction. Assume (G, n) ∈ {(Sym(5), 6), (Alt(6).2 2 , 10), (M 22 .2, 22)}. Then the only maximal subgroups K of M satisfying |M : K| < n − 1 also satisfy K soc(G). Hence H soc(G) and the proper normal subgroup soc(G) of G cannot be transitive, a contradiction to G being quasiprimitive.
From now on, we assume G is one of the other groups in the list P. Let K be a maximal subgroup of M containing H. By Lemma 2.2(i), D(G) D(G Σ K ). Therefore, to prove that D(G) = 2, it suffices to prove that D(G Σ K ) = 2 for each maximal subgroup K of M with |M : K| < n − 1. This is a straightforward computation in Magma. (Computer verification would be more difficult for some of the groups covered in the previous paragraphs and it is for this reason that we treat those groups separately.) This completes the proof.
We now turn to semiprimitive groups. Before proving Theorem 3, we handle one case of the proof. Proof. Let σ ∈ Σ and note that |σ| = |N | since N is semiregular. In particular, |Ω| = |N ||Σ|. Write |N | = p. By Lemma 2.1(i), G Σ ∼ = G/N . If |N | |Σ| − 1, then D(G) = 2, by Lemma 2.2(ii). Thus, we will assume that |N | < |Σ| − 1. Consequently, for each almost simple group G Σ ∈ P we can determine all of the possibilities for |N |.
Let H = G ∞ be the last term in the derived series of G. Then T := HN/N = (G/N ) ∞ is the socle of G/N , and thus is a non-abelian simple group. Since (HN ) Σ is a normal subgroup of G Σ that is not semiregular (as |HN Σ | = |T | > |Σ|) and since G Σ is semiprimitive by Lemma 2.1(ii), we know that (HN ) Σ acts transitively on Σ. This implies that HN acts transitively on Ω since N is transitive on each of its orbits. Since N has prime order, either N ∩ H = 1 or N H. First assume that N ∩ H = 1. Then H ∼ = HN/N = T . Suppose further that H is intransitive on Ω. Since G is semiprimitive, H is semiregular. Let ∆ be the set of Horbits. By Lemma 2.1, G ∆ = G/H acts faithfully and semiprimitively on ∆. Moreover, since HN is transitive on Ω, N ∆ = (HN ) ∆ = HN/H ∼ = N is transitive on ∆. Noting that N has prime order, we see that N acts regularly on ∆. In particular, |∆| = |N | is prime, so G ∆ is primitive with a regular normal subgroup N ∆ of prime order p. Therefore, G ∆ is a subgroup of AGL(1, p) . Consequently, for a point δ ∈ ∆, the stabiliser (G ∆ ) δ is cyclic. By Lemma 2.1(iv), (G Σ Table 2 , we see that (G Σ ) σ is non-abelian, which is a contradiction. Therefore, H acts transitively on Ω.
Consequently, |H : H ω | = |Ω| = |N ||Σ| = p|Σ|. Recall that H ∼ = H Σ = T and p is a prime number such that p < |Σ| − 1. Therefore, in Magma we can construct all possible degree p|Σ| actions of H. Note G N Sym(p|Σ|) (H) and G has a subgroup N of order p centralising H. For each possible action, it is straightforward to verify in Magma whether N Sym(p|Σ|) (H) has a subgroup of order p centralising H and, if so, to then verify that D(N Sym(p|Σ|) (H)) = 2. Since G N Sym(p|Σ|) (H), we deduce that D(G) = 2.
We many now assume that
, which is a contradiction since Aut(N ) is abelian. Therefore, C H (N ) = H, so N Z(H). In particular, H is a perfect central extension of T by N . Consequently, H is a quotient of the universal covering group of T , and therefore p = |N | divides the order of the Schur multiplier of T . Above we noted that HN = H is transitive on Ω, so we have |H : H ω | = |Ω| = p|Σ|. As a result, H must have a core-free subgroup of index p|Σ|. Considering each of the simple groups T which occur as a socle of a group in Table 2 , this implies that (H, |Ω|) ∈ {(SL(2, 7), 16), (2 · M 12 , 24), (SL (3, 4) , 63)}.
These actions are available at [25] and we verify that D(N Sym(p|Σ|) (H)) = 2 with Magma in each case. Therefore, D(G) = 2, completing the proof.
We now prove Theorem 3.
Proof of Theorem 3. By Lemma 3.1, the result holds for groups with degree at most 47. In particular, GL(2, 3) in its degree 8 action (on the set Ω of non-zero vectors of F 2 3 ) has distinguishing number 3 (which is witnessed by the partition {{e 1 }, {e 2 }, Ω \ {e 1 , e 2 }}).
Now let G be a counterexample to the statement of minimal order. Therefore, G is semiprimitive but not quasiprimitive, G is not GL(2, 3) in its degree 8 action and D(G) > 2. As noted above, this implies that G has degree at least 48. Since G is not quasiprimitive, we may fix an intransitive minimal normal subgroup N of G (since otherwise all normal subgroups of G would be transitive). Since N is a minimal normal subgroup, we may write N = T d for a (possibly abelian) simple group T . Let Σ be the set of N -orbits, write n = |Σ| and record that |σ| = |N | for all σ ∈ Σ. By Lemma 2.1,
Suppose that G Σ is not quasiprimitive. Record that D(G Σ ) > 2 and |G Σ | = |G/N | < |G|. Since G is a minimal counterexample to the statement, we must have G Σ = GL(2, 3) and n = 8. Since N = T d and |N | < 7, we may conclude that |N | is a prime power and |N | ∈ {2, 3, 4, 5}. Therefore, the degree of G is 8|N | ∈ {16, 24, 32, 40}. This is a contradiction since we know the degree of G is at least 48. Therefore, G Σ is quasiprimitive. Accordingly, Theorem 2 implies that G Σ is primitive. Moreover, by Theorem 1, either G Σ ∈ {Alt(n), Sym(n)} or G Σ ∈ P.
Suppose that G Σ ∈ {Alt(n), Sym(n)}. Recall that N = T d for a simple group T . Since 1 < |N | < n − 1 and |Ω| = |N |n 48, it follows that n 8. Therefore, we are in a position to apply [18, Theorem 1.7] , and one of the following holds: d n − 2; Alt(n − 1) embeds in T ; or n = 8 and |N | = 16. In the first case, |N | = |T | d 2 n−2 > n − 2, which is a contradiction. In the second case, |N | (n − 1)! > n − 1, which again is a contradiction. In the third case, |N | = 16 > 8 = n, a final contradiction. Therefore, G Σ ∈ P.
Since G Σ ∈ P, we know that n 32 (see Tables 1 and 2 ). Since N = T d for a simple group T and |N | < n − 1 31, it follows that N is an elementary abelian group of order p d for some prime p. Moreover, N is an irreducible (but not necessarily faithful) module for G/N over F p . Note that each member of P is either affine or almost simple. We will consider these two cases separately.
First assume that G Σ is affine. In this case, n = r f for a prime number r and a positive integer f , and G Σ = G/N has an elementary abelian regular normal subgroup R/N . In particular, R is a regular normal subgroup of G. Now Suppose that |R/N | and |N | are coprime. Then, by the Schur-Zassenhaus Theorem, N has a complement M in R. In particular, |R| = |M ||N |. Moreover, since N Z(R), M is normal in R. Therefore, M is a normal Sylow r-subgroup of R and hence is characteristic in R. It follows that M is a normal subgroup of G. Now let Π be the set of orbits of M and let π ∈ Π. Note that |Ω| = |Π||M | and |Ω| = |R| since R is regular. Therefore, |N | = |Π|. Earlier we observed that |N | < |Σ| − 1 = |Ω|/|N | − 1 = |M | − 1, so |Π| < |M | − 1. Now Lemma 2.2(ii) implies that D(G) = 2, which is a contradiction. Therefore, |R/N | and |N | are not coprime, that is r = p.
Since p d < r f − 1 and p = r we may conclude that d < f . In particular f > 1, so, by inspecting Table 1 , r f ∈ {8, 9, 16, 32}. Since the degree of G is |R| = r d+f 48 with d < f , we must have that r f ∈ {16, 32}. Now since N is in the centre of R, G/R ∼ = (G Σ ) σ acts irreducibly (but not necessarily faithfully) on N . Since |N | = r d < r f , considering Table 1 , we must have d = 1 (since f is the smallest dimension of a non-trivial irreducible representation of (G Σ ) σ in each case). Said otherwise, |N | = r, so the degree of G is |R| = r f +1 . Therefore, r f +1 48 and since r f ∈ {16, 32} we deduce that r f = 32, G Σ = 2 5 .GL(5, 2) = AGL(5, 2) and |N | = 2. Clearly G must act trivially by conjugation on N , and thus G is a central extension of AGL(5, 2). Now AGL(5, 2) is perfect and a Magma calculation shows that H 2 (AGL(5, 2), C 2 ) = 1. This implies that G contains a normal subgroup H ∼ = AGL(5, 2) such that G = HN and [H, N ] = 1 (that is,
, which is also perfect. Therefore, G ω [G, G] = H. Consequently, HG ω = H < G, so H is intransitive, and 1 = G ω H ω , so H is not semiregular. This is a contradiction to G being semiprimitive. Therefore, G Σ is not affine. Now assume that G Σ is almost simple. Let H = G ∞ and write T = HN/N = (G ∞ ) Σ , noting that T is the socle of G Σ (so, in particular, is a non-abelian simple group). Since Observe that G/HN ∼ = (G/N )/(HN/N ) = G Σ /soc(G Σ ) (which is easily determined for each group G Σ in Table 2 ). Since H C G (N ), N is an irreducible (but not necessarily faithful) module for G/HN . Suppose that G/HN is a p-group. Then G/HN has a fixed point on N and since N is irreducible this implies that |N | = p, which contradicts the fact that d > 1. Therefore, G/HN is not a p-group. Now G/HN ∈ {1, C 2 , C 2 2 } since all irreducible modules over a field of odd order for 1, C 2 and C 2 2 are one-dimensional. By inspecting the possibilities in Table 2 , we see that (T, n, G/HN, N ) must be one of (PSL (2, 8) , 9, C 3 , C 2 2 ), (PSL(2, 16), 17, C 4 , C 2 3 ), (PSL(3, 4), 21, Sym(3), C 2 2 ). Since |Ω| = n|N | 48 we may discount the first of these possibilities. We now consider the remaining two options.
First assume that T = PSL (2, 16) and N = C , there is a unique such extension, which is described explicitly in [14, p. 245] and which we can construct in Magma. In both cases |H| |PSL(3, 4)| = 20160. Since H G, H is either semiregular or transitive. If H is semiregular, then |H| divides |Ω| = 21 · 4 = 84, which is absurd. If H is transitive, then H has a subgroup of index 84 and for both possibilities for H described above we can verify in Magma that this is false. This final contradiction completes the proof.
